The time-fractional free convection flow of an incompressible viscous fluid near a vertical plate with Newtonian heating and mass diffusion is investigated in pres-
Introduction
Free or natural convection flow of an incompressible viscous fluid near a vertical plate was extensively studied due to its vast industrial applications [1, 2] . Since 1971, Gebhart and Pera [3] have studied the vertical natural convection flow resulting from the combined buoyancy effects of thermal and mass diffusion. Later, Chamkha et al. [4] and Ganesan and Loganathan [5] studied the radiation effects on the free convection flow with mass transfer near a semi infinite vertical plate, respectively, past a moving cylinder. Over time, different publications of this type appeared but an increasing interest has been evinced in the radiation interaction with convection and chemical reaction. In many engineering processes the chemical reactions play an important role in heat and mass transfer. A chemical reaction is said to be of the first order if its rate of reaction is directly proportional to the concentration [6] . Many researchers have studied the effects of chemical reaction under different conditions on the convective flow with heat and mass transfer. Some of the most recent and interesting studies of this kind are those of Mahapatra et al. [7] , Sharma et al. [8] , Muthucumaraswamy and Shankar [9] , Reddy et al. [10, 11] , Ahmed and Dutta [12] , Reddy et al. [13] , and Srihari et al. [14] .
However, in all these studies the flow is driven by a prescribed surface temperature or by a surface heat flux. In this work we assume that the flow is set up by Newtonian heating, i. e. the heat transfer from the surface is proportional to the local surface temperature. The Newtonian heating, with important applications in engineering, was initiated by Merkin [15] and its effects on the free convection flow over an infinite plate have been investigated by -------------- many authors. A few of the most recent and important results in this field seem to be those of Narahari et al. [16] , Narahari and Dutta [17] , Ramzan et al. [18] , Hussanan et al. [19, 20] , and Vieru et al. [21] .
In the last time, the fractional calculus has been extensively used to describe the viscoelastic behavior of materials. It is increasingly seen as an efficient tool through which useful generalizations of physical concepts can be obtained [22] . Usually, the governing equations for fractional fluids are obtained from those of ordinary fluids by replacing time derivatives of an integer order with fractional derivatives of order α. In the case of diffusion phenomena [23] , for instance, 1 α = corresponds to the classical diffusion while for 0 1 α < < or 1 α > the transport phenomenon exhibits sub-diffusion, respectively, super-diffusion. To the best of our knowledge, the fractional calculus has not been used in convection problems with Newtonian heating and mass transfer.
The purpose of this work is to study the time-fractional free convection flow of an incompressible viscous fluid near a vertical plate with Newtonian heating and chemical reaction. The radiative effects are not taken into consideration but, according to Magyari and Pantokratoras [24] , they can be easy included by a simple re-scaling of the Prandtl number. The Laplace transform technique is used to determine closed-form expressions for velocity, temperature, concentration, skin friction and the rates of heat and mass transfer from the plate to the fluid. The solutions corresponding to ordinary fluids are also determined. In the absence of chemical reaction, as expected, the expressions of temperature and concentration reduce to the corresponding solutions of Narahari and Dutta [17] . Finally the influence of fractional parameter on the temperature, concentration and velocity is graphically underlined and discussed.
Mathematical formulation
The governing equations corresponding to the unsteady free convection flow of an incompressible viscous fluid over an infinite vertical plate with mass diffusion and chemical reaction, as it results from [12] and [17] , are given by:
Equations (1)- (3) are obtained under the usual Boussinesq approximation [17, 24] when the viscous dissipation of energy is negligible. Furthermore, as it was shown in [24] , the effects of thermal radiation in the linearized Rosseland approximation are quite trivial both physically and computationally and they will be finally included by a simple re-scaling of the Prandtl number with a factor involving the radiation parameter. The appropriate initial and boundary conditions are:
In order to develop a model with fractional derivatives, we firstly multiply eqs. (1) 
is the Caputo fractional differential operator of order α. A simple analysis clearly shows that λ has the dimension of the time t. In order to determine solutions that are independent of the geometry of flow regime we also introduce the following dimensionless variables and parameters:
The dimensionless forms of the governing equations, dropping out the * notation, are: 
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The notion of effective Prandtl number Pr eff , but with a little different signification, has been firstly introduced by Magyari and Pantokratoras [24] showing that a two parameter approach is superfluous.
The corresponding initial and boundary conditions are:
Solution of the problem
The partial differential eqs. (10) and (11) are not coupled to the momentum eq. (9). Consequently, we shall firstly determine the temperature and concentration fields by means of the Laplace transform technique and then the fluid velocity. 
Calculation of the temperature field
Applying the Laplace transform with respect to the temporal variable t to eq. (10) and using the corresponding initial and boundary conditions, we find that:
where q is the transform parameter and the Laplace transform ( , ) T y q of ( , ) T y t has to satisfy the conditions:
(0, ) and ( , ) 0 as
The solution of the ordinary differential eq. (15) with the boundary conditions (16) 
Now, applying the inverse Laplace transform to eq. (17) and using eqs. (A1) and (A2) from Appendix, as well as the convolution theorem, we find that:
where F ( , ) a t µ is the F-function of Robotnov and Hartley [25] and Φ( , ; ) a b c is the Wright function [26] .
In the special case when 1 α = , we recover the solution:
obtained by Narahari and Dutta [17, eq. (14) 
T y q into relation (see [12, eq. (45)]):
and using eq. (A3) from the Appendix. Here, , (
E z is the well-known Mittag-Leffler function.
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Calculation of the concentration field
Applying the Laplace transform to eq. (11) and using the corresponding initial and boundary conditions, it results that:
where the Laplace transform ( , ) C y q of ( , ) C y t has to satisfy the conditions:
Now, in order to determine the expression of ( , ) C y t , we write the solution of eq. (22) with the boundary conditions (23) under the suitable form:
Applying the inverse Laplace transform to eq. (24) and using again the convolution theorem as well as eqs. (A2), (A4), and the property (A5) from the Appendix, we find that:
In the case of 1 α = , the corresponding solution, see [27] 
as expected, reduces as form to eq. (13a) from [17] , when K = 0. The local coefficient of the rate of mass transfer from the plate to the fluid, in terms of the Sherwood number, namely: 
and using eq. (A6) from the Appendix where , , ( , ) 
Calculation of velocity
Applying the Laplace transform to eq. (9) and bearing in mind the associated initial and boundary conditions as well as the previous expressions of ( , )
T y q and ( , ), C y q it results that:
where the Laplace transform ( , ) u y q of ( , ) u y t has to satisfy the conditions:
(0, ) 0 and
The solution of eq. (29) 
is obtained by means of the eqs. (A7) and (A8) from the Appendix. The skin friction in non-dimensional form is:
[ ]
Introducing u( , ) y q from eq. (31) into (34) and using eqs. (A1) and (A6), we find that: 
Numerical results and discussions
In order to get some physical insight of present results, some numerical calculations have been carried out for different values of the fractional parameter α, the time t and physical parameters. However, in order to avoid repetition, only the most significant graphical representations regarding the effects of fractional parameter will be here included. The numerical values computed from analytical solutions of the problem have been visualized in figs. 1-6 both for (0,1) α ∈ and 1 α = . As a confirmation of the validity of results that have been obtained, in all cases, the diagrams corresponding to fractional solutions tend to superpose over those of ordinary solutions when 1. α → Sc or K is increased. In the case of the effective Schmidt number, this is possible because an increase of eff Sc means an increase of the Schmidt number that implies a fall in the mass diffusivity [12] .
The dimensionless velocity profiles at two times for different values of α are depicted in figs. 5(a) and 5(b). It clearly results from these graphs that the fluid velocity against y is an increasing function with respect to t and α but a stronger increase appears with regard to the fractional parameter. Near the surface of the plate the fluid velocity increases, becomes maximum and then decreases to an asymptotic value for large values of y. In all cases the val (18), where 35 terms of the sums have been taken into consideration, are compared with those obtained using the Stehfest's numerical algorithm for calculating the inverse Laplace transform [29] . This algorithm is based on the relation:
, where n is a positive integer,
and [r] denotes the integer part of the real number r. According to this table, the absolute error being of order 10 -5 , there exists a very good agreement of analytical and numerical results.
Conclusions
The present work represents a theoretical study of the time-fractional free convection flow near a vertical plate with Newtonian heating, mass diffusion and chemical reaction. The radiative effects are not taken into consideration because, in the case of the Rosseland diffusion approximation [24] , the heat transfer characteristics can be brought to light by means of a parameter only. More exactly, they can be included by re-scaling the effective Prandtl number to be Pr /[Re(
where R is the radiation parameter. Consequently, a two parameter approach is superfluous.
The fractional model was firstly normalized and closed-form solutions for velocity, temperature, concentration, skin friction and the rates of heat and mass transfer from the plate to the fluid have been determined using the Laplace transform technique. It is worth pointing out that, in the absence of chemical reaction, the temperature and concentration depend on effective Prandtl number and the effective Schmidt number, respectively, which are transport parameters representing the thermal diffusivity and mass diffusivity. However, our interest here is on the special characteristics of the fractional model and the influence of fractional parameter α on the heat and mass transfer as well as on the fluid motion that are graphically underlined. The main findings are as follows.
• Exact solutions corresponding to the time-fractional free convection flow with Newtonian heating, mass diffusion and chemical reaction are established in terms of some known functions.
• The dimensionless temperature of the fluid and its concentration in the absence of chemical reaction depend of only one essential parameter eff Pr and eff Sc , respectively.
• The fractional parameter α has a significant influence on the dimensionless temperature, concentration and velocity fields. They are increasing functions with respect to this parameter.
• The rate of mass transfer from the plate to fluid in terms of Sherwood number is an increasing function with regard to the effective Schmidt number and monotonically decreases in time. 
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